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The slow dynamic beha®ior of mass transfer in per®aporation has been reported by
different authors. Until now, howe®er, only a little experimental data and no model
capable to describe this phenomenon ha®e been a®ailable. A new detailed model for
mass transfer in per®aporation, based on the dual-sorption theory, Maxwell-Stefan diffu-
sion, and the UNIQUAC model, is proposed. This model is capable of properly describ-
ing mass transfer at steady state and during transients. Model parameters for two differ-
ent PVArPAN membranes for ethanolrwater separation are gi®en. The model shows
good agreement with both steady state and dynamic experimental data.

Introduction
In the last decades, the search for alternatives to tradi-

tional but energy-intensive separation methods like distilla-
tion has led to processes based on membranes. In particular,
pervaporation processes can be an alternative for separations
that are typically done by distillation. Pervaporation is a
membrane process where the components change their ag-
gregate state from liquid to vapor while permeating. Due to
the needed vacuum equipment it is a costly process with a
high-energy demand compared to other membrane tech-
niques. However, its energy demand is small when compared
to distillation, and in many cases pervaporation is an eco-

Ž .nomical alternative Rautenbach and Albrecht 1985a,b . In
the last decades pervaporation membranes have been devel-
oped for many purposes. Thus, specific membrane types are
available for many applications. Many case studies indicate
that the best application of pervaporation is as part of a hy-

Žbrid process Moganti et al., 1994; Pettersen and Lien, 1995;
.Pressly and Ng, 1998; Bausa and Marquardt, 2000 .

Today modeling and numerical simulation of chemical engi-
neering processes is widespread in the process industries. For
many processes models are available through simulators like
ASPEN PLUS, PROrII, or HYSYS. However, these simula-
tors provide steady-state models only. While steady-state
models can be applied in process design, dynamic models are
needed to investigate aspects of process control, disturbance

Žrejection, or optimization of process transients such as startup
.optimization . Consequently, dynamic modeling has received

Ž .an increasing interest in the last decade Helget et al., 1994 .
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While in the field of distillation, for example, modeling and
simulation are widespread and steady-state and dynamic

Žmodels are available on different scales models for VLE,
.mass transfer, tray hydraulics, or whole columns , the de-

tailed modeling of membrane processes has attracted com-
paratively little interest. Often, empiric models are fitted to

Ž .experimental data for one special membrane Vier, 1995 .
Ž .And even detailed models Heintz and Stephan, 1994a,b

cover steady-state conditions only. However, for the inte-
grated design of pervaporation plants, which covers aspects
of feasibility, economics, and control, not only steady-state,
but also dynamic models are needed. In particular pervapo-
ration processes are known to exhibit a very slow dynamic
behavior, and it may take several minutes or hours in order

Ž .to reach steady state Ping et al., 1988 . This phenomenon
has been reported by different sources as a problem when
measuring steady-state fluxes. In most cases, only qualitative
information is available. Recently, quantitative dynamic ex-
perimental data have been published by Rautenbach and

Ž .Hommerich 1998 . These data show that the dominant time¨
constant of the mass transfer through the membrane has the
same order of magnitude as the dominating time constant of
the membrane separator, when modeled with a steady-state

Ž .mass-transfer model Hommerich et al., 1998 . Thus, it is clear¨
that mass-transfer dynamics will affect the dynamic behavior
of the whole process and must not be neglected.

In this work a detailed, mechanistic, and physically moti-
vated model for the mass transfer through pervaporation
membranes is developed. The model is based on dynamic
balances and a description of diffusional fluxes by the
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Ž .Maxwell-Stefan equations Taylor and Krishna, 1993 . In ad-
Ž .dition, the dual-sorption theory Vieth et al., 1975 is used to

describe the slow sorptionrswelling behavior of the mem-
brane. These assumptions lead to a system of partial differ-

Ž .ential algebraic equations PDAE . Experimental data from
the literature is used to fit the unknown parameters of the
model. In the section titled ‘‘Simulation Results,’’ simulation
studies are used to show the dynamic behavior of the model.
In addition, the model is compared to experimental steady-
state and dynamic data from the literature.

Model Formulation
The membranes that are considered here are known to ex-

hibit strong swelling when in contact with a swelling agent
like water. Since it is also known that the swelling state has a
strong influence on the diffusion process, it must be consid-
ered when modeling mass transfer across membranes.

Swelling and its impact on the diffusion process have been
Ž .addressed by different authors. Eaton et al. 1975 address

equilibrium properties of swollen hydrophilic membranes in
a liquid phase in the presence of salts. Peppas and Moynihan
Ž .1985 develop a theoretical model to describe solute trans-
port through moderately swollen polymer networks. This
model takes the effect of the swelling state at equilibrium on

Ž .the diffusional fluxes into account. Devotta et al. 1994 use
in situ NMR measurements of the dynamic swelling]dissolu-
tion process in a rubbery polymer. Based on the microscopic
observations, a mathematical model for the swelling]dissolu-
tion process is developed that treats the swelling process and
the dissolution process as distinct decoupled processes.

In the approach presented here, these ideas are trans-
ferred to the dynamic modeling of mass transfer through
membranes. The dynamic swelling and diffusion process is

Žmodeled with the use of the dual-sorption theory Vieth et
.al., 1975 . According to the dual-sorption theory, there are

two different physical mechanism that affect mass transfer:
diffusion and embedding. While the diffusion process is fast,
the embedding process is relatively slow. Both processes are
linked, since the diffusion coefficients depend on the number
of molecules embedded in the polymer structure of the mem-

brane. This phenomena can be explained by the idea of
molecules embedded in the polymer structure that are widen-
ing the interspace between the polymer chains, which facili-
tates the diffusion of the permeating molecules.

If a change occurs in the state on the feed side, the activity
of the feed changes, directly affecting the driving force for
diffusion. This change will result almost immediately in a
change in the fluxes. However, the swelling state is also af-
fected, but will change slowly. Thus, after the fluxes have
changed very fast due to the change in the driving forces, the
swelling state will be nearly the same as before, plus the dif-
fusion coefficients won’t have changed. Now the membrane
begins to change its swelling state slowly, which will affect
the diffusion coefficients and thus the fluxes again. Through
this mechanism the fluxes will change in two steps.

Figure 1 depicts the structure of the presented model based
Ž .on the methodology proposed by Marquardt 1995 . The

membrane is split up into two modeling components, the ac-
tive layer and the porous supporting layer. The active layer is
represented by two phases that correspond to the two modes
of sorption as proposed by the dual-sorption theory. Addi-
tional modeling components represent the porous supporting
layer, the feed phase, and the permeate phase at the back
side of the membrane. These modeling components are linked
by the boundary conditions and fluxes between them. In the
following, we present models to describe the modeling com-
ponents and their connections.

Acti©e layer
The main idea of the dual-sorption theory is that a perme-

ating molecule can have two different modes: similar to a
molecule dissolved in a fluid, it can be dissol®ed, or, when the
molecule is ‘‘caught’’ in the polymer structure, it can be em-
bedded. Diffusion occurs only in the dissolved mode. How-
ever, there is an exchange between the two modes. In the
following, the different modes are regarded as different
phases.

These ideas are transferred to the active layer of a perva-
Ž .poration membrane Figure 2 . When a mixture of two com-

ponents, for example, ethanol and water, permeates through

Figure 1. Model structure.
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Figure 2. Dual-sorption model for mass transfer in the
active layer of a pervaporation membrane.

the membrane M, four species must be balanced, as shown in
Table 1.

Balances
The following system of equations is obtained from general

balances, if one-dimensional fluxes are assumed only:

­ w r ­ w n ­ jŽ . Ž .i t i t i
sy q q riž /­ t ­ z ­ z

� 4with ig E , Wd , We, M . 1Ž .

Here r is the flux of embedding and dissolution, n is thei t
total mass flux, j is the diffusive flux of component i; w isi i
the mass fraction of component i; z is the spatial coordinate;
and t is the time. Formulations for the fluxes will be given in
the following.

In the case of pervaporation, not only mass but also heat
has to be transferred across the membrane in order to evapo-
rate the permeating components on the back side of the
membrane. Since a temperature gradient across the mem-
brane is necessary to allow heat transfer, the temperature
cannot be uniform across the membrane. Due to the very

Ž .thin active layer d f3 mm , however, the temperature dif-
ference across the membrane given by Fourier’s law,

­ T q
DT fd syd , 2Ž .

­ z k

is extremely small, even for a high heat flux q. Consequently,
in the following the temperature in the active layer is consid-
ered to be constant and equal to the feed and permeate tem-
perature, and no energy balance is needed.

Calculation of fluxes
EmbeddingrDissolution Rates. Since ethanol is not embed-

ded and the membrane material is not dissolved, the embed-

Table 1. Different Modes of Permeating Molecules

Dissolved Phase Embedded Phase

Ethanol E }
Water Wd We
Membrane } M

dingrdissolution rates for ethanol and the membrane mate-
rial r and r are zero. For the water component the ratesE M
in both phases are r sy r . To model the process of em-Wd We
bedding and dissolution, an expression similar to reaction ki-
netics or adsorption modeling is chosen:

r s k a y a . 3Ž . Ž .We W Wd We

At equilibrium, the activities a and a are the same andWe Wd
the rate is zero. Thus, k is a completely kinetic parameterW
that has no influence at steady state.

Diffusi®e Fluxes. To model the diffusive fluxes j, the
Ž .Maxwell-Stefan equations Taylor and Krishna, 1993 are ap-

plied. Although they were originally meant for liquid systems,
they are utilized for a solid phase, the active layer of the

Ž .membrane, as proposed by Heintz and Stephan 1994a,b .
This utilization can be motivated by the applicability of the
model ideas that lead to the Maxwell-Stefan equations. Based
on the momentum balance, these equations relate the forces

Žacting on the molecules of each species the gradient of the
.chemical potential to the friction between this species and

Žany other species. In our case, one species the material of
.the active layer is the solid phase, which means the molecules

are fixed in a matrix structure. However, this fact has no in-
fluence on the friction between this species and any other
species permeating through the membrane. Note that similar

Žassumptions lead to the dusty-gas model Mason and Mali-
.nauskas, 1983 that describes diffusion in porous media and

is typically used in the modeling of gasrsolid heterogeneous
catalysis.

The general fluxes are

Cx ­m x x u yuŽ .i i i k i k
d s sy ,Ýi ž /RT ­ z D]T , p i , kk s1

with D] s D] and is1 . . . C. 4Ž .i , k k , i

However, the material in the active layer of the membrane is
Ža polymer that is, a mixture of molecules of different chain

.length that has no distinct molecular weight. Thus, the com-
position of the swollen membrane should be described by
mass factions, not mol fractions.

Using mass fractions w , the Maxwell-Stefan equations be-i
come

C Cw w ­m w w u yuŽ .j i i i k i k
sy , is1 . . . C.Ý Ýž /ž /M RT ­ z D] MT , pj i , k kjs1 k s1

5Ž .

Inserting the definition of the diffusive fluxes

j s r u y ® s r w u y ® , 6Ž . Ž . Ž .i i i t i i

the following equations are obtained

C Cw w ­m w j yw jj i i k i i k
sy ,Ý Ý Xž /ž /M RT ­ z r D] MT , pj t i , k kjs1 k s1

is1 . . . C. 7Ž .
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The chemical potential in the membrane phase can be de-
scribed by means of an activity coefficient with reference to
mass fractions:

m T , p , w sm T , p q RT ln aŽ . Ž .i 0, i i

sm T , p q RT ln w q RT ln g X , is1 . . . C 8Ž . Ž .0, i i i

aiXg s . 9Ž .i wi

Using this formulation, the lefthand side of Eq. 7 gives

w ­m ­ wi i
s G ? , is1 . . . C , 10Ž .iž / ž /RT ­ z ­ zT , p

where G denotes the ith row of a matrix G with the matrixi
elements

w ­m ­ ln g X
i i i

G s sd qw 11Ž .i , j i , j iRT ­ w ­ wj j

Ž .and the Kronecker delta d 1 if is j; 0 if i/ j . Here andi, j
in the following the notation of the dot product is taken from

Ž .append. A of Bird et al. 1960 .
Since the molecular weight of the polymer is not known,

C Ž . Ž .the term Ý wrM s f w cannot be computed. To rem-js1 j j
edy this problem, new diffusion coefficients

C wjXD] ' D] M 12Ž .Ýi , k i , k k Mjjs1

Žare introduced to rewrite the Maxwell-Stefan equations Eq.
.7 using Eq. 12:

C­ w w j yw jk i i k
G ? sy , is1 . . . C. 13Ž .Ý Xiž /­ z r D]t i , kk s1

Rearranging Eq. 13 and converting the linear set of equa-
tions into matrix notation gives

1 ­ w
w xy B ? j s G? . 14Ž .

r ­ zt

Since only differences of velocities are used in Eqs. 4, no
absolute velocities can be calculated from this set of equa-
tions. Thus, the scalar equations in Eq. 14 are linearly depen-
dent. In particular, B is singular and cannot be inverted to
calculate the fluxes j as a function of the forces. One of the
equations in Eq. 14 must be replaced by following equation

C

0s j , 15Ž .Ý i
is1

resulting from summation of Eq. 6.
Then, inversion of Eqs. 14 and 15 is feasible and results in

­ w
GMSjsy D ? , 16Ž .

­ z

where the matrix DGMS is a function of the modified
X Ž .Maxwell-Stefan diffusion coefficients D] cf. Eq. 12 , com-i , k

Ž .positions w, and temperature T Taylor and Krishna, 1993 .

Supporting layer
The porous supporting layer is a system of capillaries with

a wide range of diameters. Due to this wide range and a lack
of exact measurements, it is difficult to tell whether the flow
in these capillaries is in the Knudsen or convective regime.
For simplicity, the porous supporting layer is modeled as a
system of identical parallel capillaries with a constant diame-
ter. In these capillaries only convective transport is consid-
ered. Since there is no diffusion and the flow is always in the

Ždirection from the back side of the active layer Figure 2,
. Žconnection II to the permeate phase Figure 2, connection

.III , the permeate phase composition has no influence on the
Ž .active layer unhindered permeate flux . Assuming a laminar

flow regime in the capillaries gives

dp 8hRTN c

s , 17Ž .4dz pp r

Ž .according to the Hagen-Poiseuille law Bird et al., 1960 .
Integration of this equation across the porous layer results

in

1 8hRTN cd SL
2 2p y p s , 18Ž .Ž .II III 42 p r

where

N p r 2
tcN s 19Ž .
f

is the molar flow in one capillary, d SL is the thickness of the
supporting layer, f is the area fraction of capillaries in the
supporting layer, and h is the viscosity. Now the pressure at
connection II can be calculated as

SL16hRTd Nt2p s p q . 20Ž .II III( 2f r

Ž SL .However, values for the parameters especially f, r, d , h
are difficult to obtain. Since most of them are not known, the
parameter

16Rd SLNt
K s 21Ž .2f r

describing the geometric properties of the membrane is in-
troduced. This parameter needs to be determined using a
least-square fit for the experimental mass-transfer data avail-
able. However, since only little experimental data were avail-
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able, the parameter

K pds KhT 22Ž .

is treated as constant and will be fitted to experimental data
in this work.

Boundary conditions
Connection I Between Feed Phase and Acti®e Layer. In this

work, only the phase interface between the liquid phase and
the active layer, but not the liquid phase itself, is addressed.
Thus, concentration polarization is not considered. However,
if an appropriate model is available, it could be used to de-
termine the liquid composition at the interface as a function
of the bulk feed composition and the flux.

At the interface between the liquid-feed phase and the ac-
tive layer of the membrane equilibrium for the permeating

Ž .species E, Wd is assumed. This results in two boundary
conditions:

aL w , T s aM w , T , 23Ž .Ž . Ž .E F E I

aL w , T s aM w , T . 24Ž .Ž . Ž .W F Wd I

Connection II Between Acti®e Layer and Supporting Layer.
At the interface between the active layer and the porous sup-
porting layer equilibrium for both permeating species is as-
sumed:

aM w T s aV y , T , p , 25Ž .Ž . Ž .E II , E II II

aM w T s aV y , T , p . 26Ž .Ž . Ž .Wd II , W II II

The model of the porous supporting layer implies unhin-
dered permeate flux. Thus, the vapor composition at inter-
face II, being in equilibrium with the active layer at zsd , is
equal to the ratio of the fluxes of the two components. Hence,

Ni
y s , 27Ž .II, i Nt

ni
N s , 28Ž .i Mi

where n is the true diffusional flux, that is, the diffusionali
flux relative to the membrane, which is identical to the de-

Ž .sorption rate at interface II cf. Eq. 66 . The Maxwell-Stephan
equations to calculate these fluxes are given in the section
titled ‘‘Model Transformation and Solution Method.’’

Since the fluxes depend on the gradient of the composition
inside the active layer, this results in a nonlinear boundary

Ž .condition of the form F w, ­ wr­ z s0.
Connection III Between Supporting Layer and Permeate Cell.

At the interface between the porous supporting layer and the
permeate cell, pressure is set to the given permeate pressure:

p s p . 29Ž .III P

Physical properties
Acti®ities in the Membrane Phase. To calculate the matrix

GMS Ž .D cf. Eq. 16 , a model for the activity of the components

in the membrane is needed. In addition, activities are also
needed to describe boundary conditions where equilibrium is

Ž .assumed see the section titled ‘‘Boundary Conditions’’ .
Ž .Heintz and Stephan 1994a use a modified UNIQUAC

model to describe activity coefficients in the membrane phase.
However, in contrast to, for example, two liquid phases being

Ž . Žin equilibrium LLE case , one component the material of
.the active layer cannot cross the phase interface. In the LLE

Ž I I .case, a pure component w s1, w s0 on one side of thej i/ j
Ž .interface phase I will always be in equilibrium with the same

Ž . IIcomposition on the other side phase II of the interface: w
swI. In contrast to this behavior, a pure component on the
liquid side of the feed-phaseractive-layer interface will be in
equilibrium with a composition of the membrane phase,
where w /0 and w -1, since the mass fraction of theM j
membrane material cannot become zero. Liquidrgel systems
have the same property: Even if the liquid is a pure compo-
nent, the mass fraction of the gel matrix will not become zero.
Due to this property, the feed-phaseractive-layer system is
much more like a liquidrgel system than a liquidrliquid sys-
tem. Consequently, for a gel phase, activities are modeled in
analogy to the models presented by Maurer and Prausnitz
Ž . Ž .1996 and Thiel et al. 1995 :

®0 ­ Ambr
îLln a s ln a T , p , x q . 30Ž . Ž .i i ž /RT ­ V T

LŽ .Here, a T , p, x is the activity in the gel phase at the pres-i
sure surrounding the gel. This term is calculated with the
assumption that the gel phase behaves like a liquid phase at
the surrounding pressure p. However, due to the elastic
properties of the polymer matrix, the expansion of the gel
leads to a higher pressure inside the gel. This influence is
described by the second term, which corresponds to the elas-
tic properties of the network.

Ž .Using mass-based activity coefficients cf. Eq. 9 yields

®0 ­ Ambr
îX X Lln g s ln g T , p , w q . 31Ž . Ž .i i ž /RT ­ V T

This model is applied to the swelling active layer of the mem-
brane.

Using UNIQUAC to Model the ‘‘Liquid Acti®ities.’’ Since in
the first term of Eq. 31 the membrane phase is treated like a
liquid, the UNIQUAC model can be used to calculate activ-

X L Ž .ity coefficients g T , p, n . The classic UNIQUAC modeli i
Ž .Reid et al., 1987 is converted to be used with mass fractions
as follows:

F z Q z q rMi i k kX Lln g s ln q q ln q l y r F 1yÝi i i i k ž /w 2 F 2 r rMi i k kk

XC C1 Q tk i , kX Xy 1y q q 1yln Q t yÝ Ýi k k , i Cž /rk Xk s1 k s1� 0Q tÝ m m , k
ms1

32Ž .

zs10 33Ž .
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z
l s r y q y r y1 34Ž . Ž .Ž .i i i i2

t s eui , jrT 35Ž .i , j

ri
wi Mi

F s 36Ž .i C rk
wÝ k Mkk s1

qi
wi Mi

Q s 37Ž .i C qk
wÝ k Mkk s1

qX
i

wi MiX
Q s . 38Ž .Xi C qk

wÝ k Mkk s1

Since the PVA polymer chains of the active layer are large,
they have a very high specific molecular size r , specificM
molecular surface q , and molecular weight M . However,M M

Žin the preceding formulation only r rM , q rM which areM M M M
. Žindependent of the chain length , and 1rr which can be setM

.to zero for long chains are needed for all components
wparameters r and q are used in Eq. 34 only; since activityi i

Žcoefficients are not needed for the membrane material see
.the section titled ‘‘Boundary Conditions’’ , Eq. 34 is not used

xfor the membrane material . Since the PVA chains can be
Žseen as being built up from ethanol molecules Stephan,

.1996 , data taken from component ethanol are used for
r rM and q rM .M M M M

Elastic Properties of the Network. Maurer and Prausnitz
Ž .1996 present different formulations for the second term of
Eq. 31 based on the affine network theory and the phantom

Ž .theory Flory, 1953 . In our case, however, these formulations
gave only poor results when fitted to experimental data.

To derive an alternative semiempiric equation for the sec-
ond term in Eq. 31, the polymer network is modeled by an
elastic cube that changes its volume under pressure:

® ­ Ambr ®0ˆ ˆi i 2r3 y1r3 m br 2r3 y1r3s F F y1 s K F F y1 ,Ž . Ž .iž /RT ­ V k

39Ž .

where

V0
Fs 40Ž .

V

is the volume fraction of the polymer, V is the volume of the
swollen polymer, V is the volume of the polymer at prepara-0
tion time in an unswollen and dry state, and K mbr is an em-i
piric constant that represents the elastic properties of the
polymer network.

In the case considered, this formulation gave the best re-
sults when fitted to experimental data and is thus used in Eq.
31.

Acti®ities in the Supporting Layer. The activity of the vapor
Žphase the activity of a hypothetical liquid phase that would

.be in equilibrium with this vapor phase is calculated by

pyiVa y, p , T s . 41Ž . Ž .i 0p TŽ .i

Density. The specific molar volume of a mixture is given
by

C
0 M®s x ® q ® , 42Ž .Ý i i

is1

with

C ­ ln giM® s RT x . 43Ž .Ý i ž /­ p T , xis1

Since, according to Eqs. 31]39 the activities do not depend
Mon the system pressure p for a liquid or a gel phase, ® is

zero. Thus, using mass fractions, the specific volume becomes

C
0®s w ® , 44Ž .ˆÝ i i

is1

and the total density can be calculated by

1
r w , T s . 45Ž . Ž .t C

0w ®̂Ý i i
is1

Diffusion Coefficients. It is assumed that the friction be-
Ž .tween a dissolved molecule E or Wd and any embedded

molecule We or polymer matrix M is the same:

D] X s D] X , 46Ž .M , E W e , E

D] X s D] X , 47Ž .M ,W d W e ,W d

Since the molecules cannot move relative to the polymer
structure in the embedded mode, the corresponding diffusion
coefficient is zero:

D] X s0. 48Ž .M ,W e

To described the influence of the swelling state on the dif-
fusive fluxes in the dissolved mode, the diffusion coefficients
are calculated as functions of the number of molecules of

Ž .water embedded in the polymer structure w . In addition,We
an Arrhenius formulation is used to describe the temperature

Ž .dependence of the diffusion coefficients Reid et al., 1987 :

1 1
X 0 A r rD] s D] exp K y 49Ž .W d , E W d , E W d , E ž /T T0

1 1
X 0 A r rD] s D] 1q K w exp K y 50Ž .Ž .M , E m , E E W e M , E ž /T T0

1 1
X 0 A r rD] s D] 1q K w exp K y . 51Ž .Ž .M ,W d M ,W d W W e M ,W d ž /T T0
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Figure 3. Coordinate transformation.

Model Transformation and Solution Method
Since the thickness of the active layer changes with time

through the dissolution and embedding of molecules, the cal-
culation domain also changes. This leads to a moving bound-
ary problem that is difficult to solve.

To remedy this problem, a transformation of the coordi-
nate z similar to the transformation proposed by Wu and

Ž .Peppas 1993 is used. Coming from a ‘‘dry’’ and unswollen
membrane, a dimensionless length with respect to its thick-
ness is defined. Now, as depicted in Figure 3, each position
on the swollen membrane can be related to the correspond-
ing position on the unswollen membrane. This position z on
the unswollen membrane is used as a transformed coordinate

w xthat will always be in the interval 0,1 . Note that the trans-
formed coordinate z is not simply a specific length, that is,

Ž .zrd t . Such a normalization would render the system of
equations very difficult to solve. The transformation used
leads to a relatively simple structure of equations that has a
completely diffusive character, which corresponds to the
quality of the physical problem.

For the mathematical formulation, the transformed density
r is introduced in addition to the transformed coordinate z.i
Obviously, these quantities must be related by the condition
r dz' r dz, since the amount of matter in a differentiali i
volume element must be independent of the coordinates used.
Continuity for component M must also hold in the trans-
formed coordinates. Hence

­r ­ r uŽ .M M M
sy . 52Ž .

­ t ­ z

Since the velocity of the membrane material u in the trans-M
formed coordinates is zero by definition, r does not changeM
with time. In addition, the density of the unswollen mem-
brane at some time t is uniform, and thus r is a constant.0 M

In order to apply the coordinate transformation to the
whole set of equations, the following conditions are used:

r dzs r dz , 53Ž .i i

r sconst. 54Ž .M

It follows from Eq. 53 for the membrane component that

­ z r rM M
s s . 55Ž .

­ z r w rM M t

Equation 53 holds for each component, and also for the total
density. Using Eq. 55 yields

­ z r rM M
r s r sw r sw , 56Ž .i i i t i­ z w r wM t M

­ z r rM M
r s r s r s . 57Ž .t t t­ z w r wM t M

Using Eqs. 56, 57 the mass fraction of component i can be
shown to be the same in both the transformed and untrans-
formed coordinates:

rM
wir wi M

w s s sw . 58Ž .i irr Mt

wM

The embedding rate in a physical element must be inde-
pendent from the coordinate system used:

r dzs r dz. 59Ž .i i

This results in

­ z rM
r s r s r . 60Ž .i i i­ z w rM t

The transformation of the velocities is somehow more com-
plicated. Integration of Eq. 53 for component M leads to

z1
z t , z s r t ,z dz . 61Ž . Ž . Ž .H MrM 0

w Ž .xThe transformed velocity u of a particle at position z t, z ti i i
can now be calculated from Eq. 61:

Ž .z tidz t , z t d 1w xŽ .i i
u s s r t ,z dz , 62Ž . Ž .Hi Mdt dt rM 0

Ž .which, by means of Leibnitz rule Bird et al., 1960 , results in

1 ­r t , zz Ž .i M
u s dzq r t , z u t , z . 63Ž .Ž . Ž .Hi M i i ir ­ t0M

After inserting Eq. 52, the integral can be solved to give

1
u s y r t , z u t , z y r t ,0 u t ,0w x� Ž . Ž .Ž . Ž .i M i M i M MrM

q r t , z u t , z . 644 Ž .Ž . Ž .M i i i
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ŽSince the coordinate system is fixed at zs0 beginning of
. Ž .the active layer , the velocity of the membrane u t,0 is al-M

ways zero. Thus,

1
u s y r t , z u t , z q r t , z u t , zw xŽ . Ž . Ž . Ž .i M i M i M i i irM

rM
s u yu . 65Ž . Ž .i M rM

Consequently the fluxes are given as

r w rM M t
n sw r u sw u yu sw r u yu . 66Ž . Ž . Ž .i i t i i i M i t i Mw rM M

The fluxes n are calculated from the Maxwell-Stefan equa-i
Ž .tion cf. Eq. 13 :

C­ w w n yw nk i i k
G ? sy , is1 . . . C. 67Ž .Ý Xiž /­ z r D]t i ,kk s1

Converting to matrix notation yields

1 ­ w
w xy B?n s G? . 68Ž .

r ­ zt

Note that matrices B and G are the same as in Eqs. 14. As
mentioned earlier for the fluxes j, this set of equations is
also linearly dependent. Using the defining Eq. 66 for the
flux n , the following equation replaces the last row of Eq.M
68

n sw r u yu s0 69Ž . Ž .M M t M M

Žthere is no flux of the membrane material in the trans-
.formed coordinates . Inverting this linear set of equations

gives

­ w r ­ wtGMS GMSnsy D ? sy D ? . 70Ž .
­ z r ­ zt

GMSŽ . Ž .Note that rows 3 We and 4 M of matrix D contain
zeros only, since there is no diffusional flux of water in the

Ž . Ž .embedded mode We and of the membrane matrix M .
Now, we have formulations to calculate all transformed

variables from the physical variables. In the next step, bal-
ances are stated in transformed variables and the formula-
tions derived earlier are inserted

­r ­ w ­ nt E E
w q r y s0, 71Ž .E t­ t ­ t ­ z

­r ­ w ­ n rt Wd Wd t
w q r y sy k a y a , 72Ž . Ž .Wd t W Wd We­ t ­ t ­ z rt

­r ­ w rt We t
w q r s k a y a , 73Ž . Ž .We t W Wd We­ t ­ t rt

­r ­ wt M
w q r s0, 74Ž .M t­ t ­ t

0sw r y r . 75Ž .M t M

(Introducing the vector of unknowns us w , w , w , w ,E Wd We M
T)r , this system of equations can be rewritten in general form:t

­ u ­ ­ u
B z ,t ,u ? y D z ,t ,u ? s F z , t , u . 76Ž . Ž . Ž . Ž .

­ t ­ z ­ z

Systems of this kind can be directly solved by KARDOS
Ž .Lang, 1996 , an adaptive PDE solver.

Fitting of Model Parameters
Ž .The activity model Eqs. 31]39 has five unary parameters
Ž X 0 m br .for each component r rM , q rM , q rM , ® , and K andi i i i i i i i

Ž .one binary parameter for each pair of components u .i , j
While the unary parameters r rM , q rM , qXrM , and ®0 cani i i i i i i
be taken from the literature, the parameter K mbr and thei

Ž .binary parameters u 16 parameters in total are deter-i , j
mined by fitting the model to experimental sorption data for

Ž .PVArethanolrwater taken from Heintz and Stephan 1994a .
Figure 4 shows that reasonable agreement is obtained, espe-
cially in the region with w L )0.7, which is most signifi-ethanol
cant for mass transfer. The resulting parameters can be found
in Tables A1 and A2 in the Appendix.

The parameters of the transport model Eqs. 71]75, 70,
Ž 0 0 0 A r r A r r A r r49]51 D] , D] , D] , K , K , K , K , K ,Wd,E M,E M,Wd E W Wd,E M,E M,wd
.and k are now fitted to experimental mass-transfer data.W

In the first step, experimental mass-transfer data for the
Ž .membrane Mo1140 GFT, Neunkirchen, Germany , and taken

Ž .from Franke 1990 are used. The parameters obtained from
the fit can be found in Table A4 in the Appendix. Experi-
mental and simulation data, which exhibit excellent agree-

Figure 4. Sorption equilibrium between active layer of
( )the membrane PVA and liquid feed phase at

t s59.858C.
The amount of water adsorbed in both phases is w : w sW W
w q w . Experimental data are taken from fig. 2 ofWd We

Ž .Heintz and Stephan 1994a .
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Figure 5. Membrane flux and permeate composition for
the membrane Mo1140.

Ž . Ž .Experimental data markers and simulation results lines
for steady state. I } p s 0.02 bar, t s 908C; ` ] ] p s 0.1P P
bar, t s 908C; ^ ??? p s 0.02 bar, t s 708C; e] ? ] p s 0.1P P
bar, t s 708C.

ment, are shown in Figure 5. However, since only steady-state
data are available for this membrane, the parameter k ,W
which describes the kinetics of the embedding and dissolu-
tion process, could not be determined.

ŽTo fit parameters for the membrane PERVAP 1001 Sulzer
.Chemtech GmbH, Winterthur, Switzerland with the system

Žethanolrwater experimental data from Hommerich personal¨
.communication, 1998 and Rautenbach and Hommerich¨

Ž .1998 are used. In the first step, the steady-state parameters
Ž .all parameters except k are fitted to the steady-state val-W
ues of the experiments. However, these data show much
higher experimental noise, as can be seen in Figures 6 and 7

Ž .and in the work of Rautenbach and Hommerich 1998 . Thus,¨

Figure 6. Membrane flux and permeate composition for
the membrane PERVAP 1001 at p s0.035 barP
and t s808C.

Ž . Ž .Experimental data markers and simulation results lines
for steady state.

there is some deviation between experimental and simulation
data at steady state, especially in the fluxes.

In the next step, the kinetic parameter k is fitted to dy-W
namic experimental data reported by the authors. The result-
ing parameters are listed in Table A4 in the Appendix.

Simulation Results
To illustrate the dynamic behavior of the model, simula-

tions for a large step change of the feed composition from
w s0.006 to w s0.3 are shown in Figures 8, 9, and 10.F,W F,W

Figure 8 shows the evolution of the thickness of the active
layer on the left as a function of time. The lines correspond
to virtual marks on the active layer that shift as a result of
swelling. The position zs0 is the feed side, where the
swelling first occurs and is strongest. At ts0 the feed com-
position changes, which results in a small but fast change in
the thickness of the active layer after about 1 s.

After some minutes the process of embedding results in a
higher mass fraction of water in the embedded mode. This
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Figure 7. Membrane flux and permeate composition for
the membrane PERVAP 1001 at p s0.035 barP
and t s908C.

Ž . Ž .Experimental data markers and simulation results lines
for steady state.

results in higher diffusion coefficients and fluxes, resulting in
a second change in thickness and composition of the active
layer. The final steady state is reached after some hours.

On the top of Figure 8, the membrane flux can be seen.
The flux of water also increases after about 1 s, and increases
again sharply after some minutes.

Figures 9 and 10 show the mass fraction of water in both
the dissolved and embedded modes inside the active layer of
the membrane. While w has reached a first quasi-sta-Wd
tionary profile after about 1 s, w has not changed at all atWe
this time, due to the slow embedding process. This shows that
the time constant of the diffusion process alone, based on
membrane thickness and diffusion coefficients, is very small.
The swelling process is the time-determining step.

Through the coupling of embedding and diffusion, a two-
step adaption to the changed feed conditions is described,

Ž .which has been observed by Ping et al. 1988 : when process
conditions are changed, the diffusion process and thus the
mass transfer are affected very quickly, due to the small time

( )Figure 8. Top Change of the thickness of the active
( ) ( )layer and bottom of the fluxes at z sd t .

The composition of the feed is changed at t s 0 from wF,W
s0.006 to w s 0.3, p s 0.03 bar, t s 908C. Note that aF,W P F
logarithmic scale is used for the time axis.

constant of the diffusion process. This leads to a first plateau
in the flux vs. time diagram. The embedding process is much
slower and affects mass transfer much later, however, result-
ing in a second plateau in the fluxes after some time.

A similar two-step adaption to changed conditions has been
reported for swelling]dissolution in rubbery polymers using

Žin situ NMR measurements Devotta et al., 1994; Devotta et
.al., 1995a , and adsorption]diffusion in polymer solutions

Ž .Devotta et al., 1995b . It should be noted, however, that the
physical phenomena causing the two-stage adaptation of the
flux time history are markedly different from those consid-
ered in this article. In adsorption, fast formation of a con-
densed polymer film occurs quickly, which subsequently hin-
ders transport into the pores, and thus leads to a plateau and
a reduced increase of the flux. In dissolution, a polymer rich
boundary layer forms rapidly, which again acts as a diffusion
barrier and, after passing a plateau zone, results in reduced
flux gradients. Instead, the two-stage adaptation of the mem-
brane considered in this contribution is due to swelling and
its implication on the diffusion of the dissolved monomer
across the membrane film.

The dominant time constant of the mass-transfer model
depends mainly on the kinetic parameter k . By tuning thisW
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( )Figure 9. Mass fraction of water in the dissolved mode, w z,t .Wd

parameter, the dynamic behavior of the model can be fitted
to experimental data in a wide range of time constants. As
can be seen in Figure 11, a high value of k leads to a fastW
swelling process and thus to a fast change in the fluxes. With

Ž 2 .k s100 kgr m ?s , the dynamic behavior is mainly imposedW
by the fast diffusion process. When k is decreased, theW
swelling process gets slower, while the first step in the change
of fluxes is not affected.

In Figure 12 experimental data taken from Rautenbach and
Ž .Hommerich 1998 and simulation results for a smaller step¨

change in the feed composition are shown. As discussed in
the section titled ‘‘Fitting of Model Parameters,’’ there is some
deviation between experimental and simulation steady-state

Ž .data for this membrane type PERVAP 1001 . Thus, the fluxes
at steady state have a large deviation, especially before the
first step change.

( )Figure 10. Mass fraction of water in the embedded mode, w z,t .We
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Figure 11. Dynamic total membrane flux for a variation
of the kinetic parameter k .W

However, the dynamic behavior of experimental and simu-
lation data shows reasonable agreement. As illustrated in the
last example, the first response of the membrane is very fast.
In the simulation, the fluxes change with hardly any delay.
Since in the experiment the first measurement is made 20
min after the change in the feed conditions, the observed
gradient is smaller. After this first step, the fluxes take a
longer time to reach steady state. At ts180 min the feed
composition switches back to the value before the first step.
Again, the first response of the fluxes is very fast, while it
takes a longer time to reach the steady state.

Figure 13 shows the dynamic response to the step change
in feed composition for different step sizes. Figure 14 shows
the dynamic response of the mass transfer for fast changes in
the permeate pressure. When the permeate pressure is de-
creased, the concentration of water in the dissolved mode at
interface P decreases due to its smaller partial pressure in
the permeate. This directly results in higher driving forces
and fluxes. However, the smaller concentration of water in
the dissolved mode leads, after some time, to a smaller con-
centration of water in the embedded mode. Since the diffu-
sion coefficients increase with the mass fraction of water in
the embedded mode, this results in a decrease in the fluxes
after some time.

The reaction of mass transfer to a change in the feed tem-
perature is shown in Figure 15. When the temperature is in-
creased, the result is a higher vapor pressure at interface P,
and thus in a smaller ‘‘ vapor activity’’ of both components
Ž .see Eq. 41 . This results in higher driving forces and fluxes.
Since the diffusion coefficients also increase with higher tem-

Ž .perature see Eqs. 49]51 , the fluxes increase even more. Both
effects are fast and result in a step change in the fluxes with
nearly no time delay. Since the embeddingrdissolution equi-
librium is influenced weakly by temperature, the amount of
water in the embedded mode remains nearly constant, and
there is no slow adaptation of the flux, as in the previous
cases.

Conclusions
Due to many publications, the slow adaption of mass-trans-

fer rates in pervaporation to changing process conditions is

( )Figure 12. Top Experimental data taken from Rauten-
( ) ( )bach and Hommerich 1998 and bottom¨

simulation results.
Membrane flux for a change of feed composition from

Žw s 0.12 to w s 0.20 at t s 0 p s 0.03 bar, t sF,W F ,W P F
.908C, PERVAP 1001 .

Figure 13. Membrane flux for a change of feed compo-
( ) ( )sition from a w s0.12 to w s0.04, bF,W F ,W

( ) ( )w s0.08, c w s0.16, d w s0.20,F,W F ,W F ,W
( ) ( )e w s0.24, and f w s0.28 at t s0F,W F ,W
( )p s0.03 bar, t s908C, PERVAP 1001 .P F
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Figure 14. Membrane flux for a change of permeate
( )pressure from a p s0.1 bar to p s0.025P P

( ) ( ) ( )bar, b p s0.05 bar, c p s0.075 bar, dP P
( ) ( )p s0.125 bar, e p s0.15 bar, and f pP P P

(s0.175 bar at t s0 w s0.05, t s908C,F,W F
)PERVAP 1001 .

known. Until now this phenomenon has attracted little atten-
tion, and mostly qualitative experimental data are available.
However, the time constants that have been reported have
the same order of magnitude as the time constants of a per-
vaporation plant. Thus, the dynamic behavior of mass trans-
fer may influence the whole process and should not be ne-
glected when modeling pervaporation processes.

While mass-transfer models in the literature are not able
to describe time constants of several minutes or hours, this
article proposes a new mass-transfer model for pervaporation
membranes. This model is based on the dual-sorption theory

Figure 15. Membrane flux for a change of feed temper-
( ) ( )ature from a t s808C to t s1008C, b tF F F

( ) ( )s908C, c t s708C, and d t s608C at tF F
(s 0 w s 0.05, p s 0.03 bar, PERVAPF,W P
)1001 .

and Maxwell-Stefan fluxes. Through the tuning of the kinetic
constant of the embedding process it is possible to describe
either a very slow or a very fast dynamic behavior. Model
parameters are fitted to both steady-state and dynamic exper-
imental data. While it shows excellent agreement for the
steady-state case, the dynamic behavior of mass transfer is
also described. However, more and accurate dynamic data
are needed to determine reliable values for all model param-
eters and to validate its applicability. After this step, in order
to evaluate problems connected with dynamics and control, it
may be integrated in dynamic plant models for pervaporation
units of hybrid processes.

The simulation studies with different step changes in Fig-
ures 13]15 show that the stationary gain does not depend on
the step size, at least for small steps. It might thus be possi-
ble to identify simple linear models that can describe the mass
transfer at some operating range. The high complexity of the
model proposed in this article will result in a large-scale sim-
ulation problem when a whole pervaporation plant is ad-
dressed. On the other hand, simple linear models will lead to
much smaller systems of equations that are much easier to
handle.
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Notation

Symbols
a sactivity of component ii
Bsmatrix function of inverted binary diffusion coefficients, srm

Am br selastic energy of the network, Jrkmol
Csnumber of components

D] sMaxwell-Stephan diffusion coefficient with respect to moles,i , j
m2rs

D] X sMaxwell-Stephan diffusion coefficient with respect toi , j
masses, m2rs

D] 0 sconstant for concentration-dependent diffusion coefficients,i , j
m2rs

DG MS smatrix of Fick diffusion coefficients based on general
Maxwell-Stefan equations in mass average velocity refer-
ence frame, m2rs

G MSD smatrix of Fick diffusion coefficients based on general
ŽMaxwell-Stefan equations relative to the membrane trans-

. 2formed coordinates , m rs
j smass diffusion flux of component i relative to the mass av-i

Ž 2 .erage velocity, kgr m ?s
Ž 2 .ksheat conductivity, Wr m ?s?K

Ž 3 .k sconstant for embedding kinetic of water, kgr m ?sW
K sconstant for concentration-dependent diffusion coefficients,i

m2rs
K A r r sArrhenius constant for diffusion coefficient, m2rsi , j
K m br selastic constant of the networki
K p d spressure-drop constant

m smass of component i, kgi
n smass flux of component i referred to a stationary coordi-i

Ž 2 .nate reference frame, kgr m ?s
n smixture total mass flux referred to a stationary coordinatet

Ž 2 .reference frame, kgr m ?s
N smolar flux of component i referred to a stationary coordi-i

Ž 2 .nate reference frame, kmolr m ?s
N smixture total molar flux referred to a stationary coordinatet

Ž 2 .reference frame, kmolr m ?s
N c smolar flow through one capillary, kmolrs
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n smass diffusion flux of component i relative to the mem-i
Ž 2 .brane, kgr m ?s

pspressure, Nrm2

p0 svapor pressure of component i, Nrm2
i
r spore radius, m
r srate of embedding of component i into the polymer struc-i

Ž 3 .ture, kgr m ?s
Ž .Rsgas constant, Jr kmol?K

tstime, s
tstemperature, 8C

T stemperature, K
u svelocity of species i, mrsi
®smass average velocity, mrs
®sspecific volume of mixture, m3rkgˆ

®0 sspecific volume of component i, m3rkgî
3®sspecific molar volume of mixture, m rkmol

0 3® sspecific molar volume of component i, m rkmoli
w smass fraction, kgrkgi
x smol fraction, kmolrkmoli
zscoordinate, m
zstransformed coordinate

Greek letters
d sthickness of the active layer, m

d sKronecker deltai , j
d sthickness of the active layer of the dry membrane, m0

d S L sthickness of the supporting layer, m
g sactivity coefficient of component ii
g X sactivity coefficient of component i with respect to massi

Ž X .fractions g ' a rwi i i
G smatrix of thermodynamic factors for Maxwell-Stefan fluxes
hsviscosity, N srm2

f sarea fraction of capillaries in the porous supporting layer
Fsvolume coefficient
r smass density of component i, kgrm3

i
2r stransformed mass density of component i, kgrmi

r smixture mass density, kgrm3
t

3r stransformed mixture mass density, kgrmt

Subscripts
Esethanol
iscomponent i
Isconnection feedractive layer

IIsconnection active layerrsupporting layer
IIIsconnection supporting layerrpermeate
Msmembrane

tstotal
Ž .Wdswater dissolved mode
Ž .Weswater embedded mode

Superscripts
0spure component
cscapillary
F sfeed phase
Lsliquid phase

Msmembrane phase
P spermeate phase
V svapor phase
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Appendix: Model Parameters
Model parameters are shown in Tables A1]A4.

Table A2. Binary UNIQUAC Parameters u for Describingi, j
Activity Coefficients Inside Active Layer of Membrane

u E Wd We Mi, j
2 2 1E } 4.0943=10 3.2724=10 y1.7558=10

3 3 3Wd y2.0088=10 } y2.5179=10 y3.1353=10
2 2 3We y9.3783=10 5.4427=10 } y3.4301=10
2 1 1M y3.6401=10 5.2719=10 1.4712=10 }

Table A3. Model Parameters for Simulation of a Mo1140
Membrane

0 2 2 A r rŽ . Ž . Ž .i, j D] m rs K m rs K Ki j j i, j
y9Wd, E 4.4643=10 } 5160.5
y1 3M, E 3.9017=10 270.0641 8839.9
y1 1M, Wd 4.2668=10 15.7086 6011.3

p d 7 2 2Ž .K s3.5152=10 m ?bar ? s rkmol
T s363.15 K0

Note: The kinetic parameter k could not be determined due to the lackW
of dynamic experimental data.

Table A4. Model Parameters for Simulation of PERVAP 1001
Membrane

0 2 2 A r rŽ . Ž . Ž .i, j D] m rs K m rs K Ki, j j i, j
y11Wd, E 4.2426=10 } 22041.4
y1 3M, E 9.5246=10 33.0635 2994.8
y1 1M,Wd 2.1786=10 52.2465 1381.1

p d 10 2 2Ž .K s2.7160=10 m ?bar ? s rkmol
3Ž .k s0.1 kg ?m rsW

T s363.15 K0
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